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Abstract
The Jacobian conjecture in dimension two holds true if a conjecture, which we call below the generalized
Sard property (GSP), holds true for the affine plane and an A1-fibration on A2. The observations will be
made for affine pseudo-planes with the Jacobian conjecture enlarged to the generalized Jacobian conjecture.
© 2006 Elsevier Inc. All rights reserved.
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0. Introduction
Let X be a smooth affine surface defined over the complex field C. We consider the following
conjecture (cf. [4]).
Generalized Jacobian conjecture. Let ϕ :X → X be an étale endomorphism. Then ϕ is a finite
morphism.
Particularly interesting of the conjecture is the case where X is an affine pseudo-plane.
Namely, X has an A1-fibration ρ :X → B such that B is isomorphic to A1 and every fiber is
irreducible and reduced possibly except for a single irreducible multiple fiber dF0 with d  1
and F0 ∼= A1. For the definition of A1-fibration and relevant results, see [8]. Hence the affine
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by an equation Xd−10 X1 = Xd2 with d > 1.
It is known that if X is not an affine pseudo-plane then the generalized Jacobian conjecture
does not necessarily hold. See [2,4,6,9] for counterexamples and relevant results. In the present
article, we shall show that the generalized Jacobian conjecture for affine pseudo-planes is reduced
to the validity of the following conjecture.
Generalized Sard property (GSP). Let X be a smooth affine surface with trivial canonical
divisor KX . Let ρ :X → B be a fibration of curves whose general fiber has one place at infinity,
where B is a smooth algebraic curve, and let ϕ :X → X be an étale endomorphism such that
codimX(X − ϕ(X)) 2. Then the image ϕ(F ) of a general fiber F is a smooth curve.
The canonical divisor KX is not trivial for an affine pseudo-plane in general. In this case,
we let X˜ be the universal covering of X, which is a cyclic covering with Galois group Z/dZ
and obtained as the normalization of (X,ρ) ×B (B˜, σ ), where σ : B˜ → B is a cyclic covering
of order d ramifying totally over the point ρ(F0) and the point at infinity (see [7]). Then one
can show that K
X˜
∼ 0, the étale endomorphism ϕ lifts to an étale endomorphism ϕ˜ of X˜ with
codim
X˜
(X˜ − ϕ˜(X˜)) 2 and the fibration ρ lifts to an A1-fibration ρ˜ : X˜ → B˜ satisfying ρ · μ =
σ · ρ˜, where μ : X˜ → X is the covering morphism. Thus one can consider the (GSP) for a pair
(ϕ˜, ρ˜) anew. If it holds, then ϕ˜ becomes an automorphism by Lemma 2.1, which implies, in turn,
that ϕ is an automorphism.
The triviality of KX will contribute to the smoothness of the image curve ϕ(F ) at infinity
when a general fiber F of ρ has geometric genus 0 or 1 (see Theorem 1.5). If the (GSP) is valid,
it follows that ϕ(F ) itself is smooth and moves in a linear pencil without base points.
Although there are no significant results which confirm the validity of the (GSP), it seems im-
portant in studying étale endomorphisms. We shall give several observations in the third section
including the examples due to R.V. Gurjar which shows that the (GSP) does not necessarily hold
if the étaleness condition is dropped.
1. Fibrations of curves and étale endomorphisms
In this section, let X be a smooth affine surface defined over C and let ϕ :X → X be an étale
endomorphism. We write ϕ as ϕ :X1 → X2 to distinguish the source X from the target X, where
X1 ∼= X2 ∼= X. We suppose that X has a fibration of curves ρ :X → B , whose general fibers are
irreducible and reduced by definition. We assume that B is a rational curve and that a general
fiber C of ρ is a curve of genus g  0 and has only one place at infinity. When we consider ρ on
X1, we denote it by ρ1 :X1 → B1. We also assume that codimX2(X2 − ϕ(X1)) 2. Namely, the
image ϕ(X1) misses at most finitely many points of X2. This assumption is satisfied if Pic(X)
is a torsion group and Γ (X,OX)∗ = C∗ [7, Lemma 1.1]. Hence an affine pseudo-plane satisfies
this assumption. Mostly for the technical reasons, we assume that X is a rational surface with
Γ (X,OX)∗ = C∗.
Lemma 1.1. There exist smooth normal completions V1,V2 of X1,X2 and a morphism
Φ :V1 → V2 such that the following conditions are satisfied.
(1) The boundary divisor Di := Vi − Xi (i = 1,2) is a divisor with simple normal crossings.
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a unique irreducible component S of D1 transversally in one point.
(3) The morphism Φ restricts to ϕ on the open set X1.
(4) There exists an effective divisor R such that R is supported by the irreducible components
of D1 and satisfies
D1 + KV1 ∼ Φ∗(D2 + KV2) + R,
where KVi (i = 1,2) is the canonical divisor of Vi .
Proof. We can realize the conditions (1), (2) and (3) by a standard method of using resolution of
singularities. The assertion (4) is the logarithmic ramification divisor formula [3]. 
We shall look into the image by Φ of a general fiber of p1.
Lemma 1.2. Let C1 be a general fiber of p1 on V1 and let C2 = Φ(C1). Let h be the geometric
genus of C2, i.e., the genus of its normalization. Let n = deg(Φ|C1). Then we have:
(1) C2 ∩ X2 has only one place at infinity.
(2) 2g − 1 = n(2h − 1).
(3) If g is either 0 or 1, then Φ|C1 :C1 → C2 is a birational morphism.
(4) We have the following equality:
2n
(
pa(C2) − h
)= n{(C22
)+ 1 − (C2 · D2)
}− (C1 · R),
where pa(C2) is the arithmetic genus of C2.
Proof. (1) The affine curve C1 ∩ X1 has only one place at infinity by the assumption. Let
ψ = Φ|C1 . Then ψ :C1 → C2 is a surjective morphism which maps the point C1 ∩ D1 to a
unique point of C2 lying on D2. Hence ψ induces a surjective morphism C1 ∩ X1 → C2 ∩ X2,
and the unique point C2 ∩ D2 is a one-place point since it is dominated by the unique place of
C1 at C1 ∩ D1.
(2) Let C˜2 be the normalization of C2. Then ψ induces a morphism ψ˜ :C1 → C˜2 of degree n
such that ψ˜ is étale on C1 ∩ X1 and totally ramifying at the point C1 ∩ D1. Then the Riemann–
Hurwitz formula applied to ψ˜ yields
2g − 2 = n(2h − 2) + n − 1.
Hence we obtain the stated equality.
(3) The assertion is clear because the equality in the assertion (2) implies n = 1.
(4) Note that (C21) = 0, (C1 · D1) = 1 and (C1 · KV1) = 2g − 2. Hence we have (C1 · D1 +
KV1) = 2g − 1. On the other hand, we calculate (C1 ·D1 +KV1) as follows by making use of the
logarithmic ramification divisor formula:
(
C1 · Φ∗(D2 + KV2) + R
)
= (C1 · Φ∗(D2 + KV2)
)+ (C1 · R)
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= n{(C2 · C2 + D2 + KV2) −
(
C22
)}+ (C1 · R)
= n(2pa(C2) − 2 + (C2 · D2) −
(
C22
))+ (C1 · R).
Hence we obtain by the assertion (2)
n(2h − 1) = n(2pa(C2) − 2 + (C2 · D2) −
(
C22
))+ (C1 · R).
This equality is rewritten as
2n
(
pa(C2) − h
)= n{(C22
)+ 1 − (C2 · D2)
}− (C1 · R). 
Hereafter we assume that the canonical divisor KX is a torsion divisor. This assumption is
satisfied if X is an affine pseudo-plane. Let S be the cross-section of the fibration p1 as specified
in Lemma 1.1 and let T = Φ(S). Since KX is a torsion divisor and Γ (X,OX)∗ = C∗, the divisor
D2 + KV2 is written uniquely up to linear equivalence as a linear combination of the irreducible
components of D2 with rational coefficients. Let m be the coefficient of T in this expression,
which is an integer if KX ∼ 0.
Lemma 1.3. With C1 and C2 as in Lemma 1.2, the following assertions hold.
(1) Φ∗(T ) = rS +∑i niSi , where r > 0 and the Si are irreducible components of D1 which do
not meet C1.
(2) r = nr ′, where (C2 · T ) = r ′.
Proof. Let P = C1 ∩S and let Q = C2 ∩T as above. Then Q = Φ(P ) and Q is a one-place point
of C2. Write Φ∗(T ) = rS+∑i niSi , where the Si are irreducible components of D1 other than S.
Then r > 0 and the Si are contained in the fibers of p1 because C1 meets only the component S.
Since (C1 · Φ∗(T )) = (degΦ|C1)(C2 · T ), we have r = nr ′, where (C2 · T ) = r ′. 
Lemma 1.4. Let m and r be the same as above. Then the following assertions hold.
(1) The logarithmic ramification divisor R does not contain S as an irreducible component. It
consists of fiber components of p1 contained in D1.
(2) 2g − 1 = mr . Furthermore, mr ′ is an integer.
(3) degΦ = r degΦS , where ΦS :S → T is the morphism induced by Φ .
Proof. (1) In the logarithmic ramification divisor formula in Lemma 1.1(4), we have
D1 + KV1 = S + (fiber components of p1) + KV1,
where we have by the usual ramification divisor formula
KV1 ∼ Φ∗(KV2) + (r − 1)S + (fiber components of p1 contained in D1)
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we have
D1 + KV1 ∼ rS + Φ∗(KV2) + (fiber components of p1 contained in D1).
On the other hand, the right side Φ∗(D2 + KV2) + R of the logarithmic ramification divisor
formula is written as
rS + (fiber components of p1 in Φ∗(D2)
)+ Φ∗(KV2) + R.
Hence Supp(R) does not contain S, and it consists of fiber components of p1 contained in D1.
(2) We compute the intersection numbers of C1 with both sides of the logarithmic ramifica-
tion divisor formula. It is already remarked in the proof of Lemma 1.2 that (C1 · D1 + KV1) =
2g − 1. Furthermore, by the hypothesis before Lemma 1.3, we have D2 + KV2 ∼Q mT +
(other components of D2). By the assertion (1) above and since C2 meets only T among the
components of D2, we compute as follows:
(
C1 · Φ∗(D2 + KV2) + R
)= n(C2 · mT ) = nm(C2 · T ) = nmr ′ = mr,
where (C2 · D2 + KV2) = mr ′ is an integer.
(3) This follows from Lemma 1.3(1). 
As a corollary of the above results, we have the following theorem.
Theorem 1.5. Assume that KX ∼ 0 and that g = 0 or 1. Then the following assertions hold.
(1) n = r ′ = 1 and m = ∓1. Hence C2 meets T in one point transversally and the curve C2 has
singularity inside X2 if it does.
(2) 2(pa(C2) − h) = (C22).
Proof. (1) As remarked before Lemma 1.3, the rational number m is an integer because KX ∼ 0.
Since 2g − 1 = nmr ′ by Lemma 1.4(2) with r = nr ′ and since 2g − 1 = ∓1 by the hypothesis
g = 0 or 1, it follows that n = r ′ = 1 and m = ∓1.
(2) Note that (C1 · R) = 0 because the coefficient of S in R is zero by Lemma 1.4(1) and
(C2 · D2) = 1 because (C2 · T ) = r ′ = 1. The equality then follows from Lemma 1.2(4). 
Hereafter in the first section we also assume that r ′ = 1 and hence r = n. In order to go
further, we need the generalized Sard property for a pair (ϕ,ρ) as a working hypothesis. This
implies together with the hypothesis r ′ = 1 that the curve C2 has no singularity.
Given a fiber F =∑ri=1 miFi of a certain fibration of curves on a surface with the irre-
ducible components Fi and mi > 0, we say that F is a multiple fiber of multiplicity μ if
μ = gcd(m1, . . . ,mr) > 1.
Lemma 1.6. Assume that the (GSP) holds. Then the following assertions hold.
(1) (C22) = 0 and |C2| is a linear pencil parametrized by the curve T . Hence |C2| induces afibration ρ2 :X2 → B2.
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(3) The morphism ΦS :S → T does not ramify at a point P ∈ S if ρ∗2 (Q) is not a multiple fiber,
where Q = Φ(P ) and Q is identified with a point of B2.
(4) There exists a surjective morphism ϕ0 :B1 → B2 such that ϕ0 · ρ1 = ρ2 · ϕ.
Proof. (1) and (2): Let C2 be as above the image of a general fiber C1 of p1. By the (GSP),
we know that C2 is a smooth complete curve on V2, whence pa(C2) = h. It follows from Theo-
rem 1.5(2) that (C22) = 0.
Write Φ∗(C2) =∑ri=1 niAi , where the Ai are irreducible components with ni > 0 and we
put A1 = C1. Then we have
(
C1 · Φ∗(C2)
)= n(C22
)=
r∑
i=1
ni(C1 · Ai) =
r∑
i=2
ni(C1 · Ai),
where (C1 · Ai)  0 for 2  i  r . Since (C22) = 0, it follows that (C1 · Ai) = 0 for 2  i  r .
This implies that the components Ai are fibers of p1.
Let C′1 be another general fiber of p1 and let C′2 = Φ(C′1). By what we have shown above,
n(C2 · C′2) = (Φ∗(C2) · C′1) = 0. This implies that if C1 moves about general fibers of p1, the
images C2 := Φ(C1) form a family of curves on V2 which are parametrized in a bijective way
by points of an open set of the curve T . Since S is a rational curve from the beginning, so is the
curve T . Hence the curves C2 move in a linear pencil |C2| parametrized by the curve T .
(3) We follow the argument in [2, Lemma 3.1]. Let e be the ramification index of ΦS at P .
Write ρ∗2 (Q) =
∑r
i=1 miFi . Then e divides mi for each i, hence e divides the multiplicity μ =
gcd(m1, . . . ,mr), which is one by the assumption. Hence e = 1.
(4) There is a rational mapping ϕ0 :B1 → B2 given by the following correspondence: For
a general point P ′ ∈ B1, the fiber C′1 := p−11 (P ′) is mapped to a smooth complete curve
C′2 := Φ(C′1) and C′2 corresponds to a member of |C2| which is parametrized by T . Thus C′2
corresponds to a point Q′ of B2. Thus ϕ0(P ′) = Q′. In fact, ϕ0 is induced by ΦS :S → T when
B1 and B2 are identified respectively with open sets of S and T . It now follows readily that ϕ0
is a surjective morphism in view of the hypothesis that codimX2(X2 − ϕ(X1)) 2 and satisfies
ϕ0 · ρ1 = ρ2 · ϕ. 
Remark 1.7. Note that the fibration ρ2 :X2 → B2 may differ from the fibration ρ :X → B con-
sidered on X2.
We shall consider a special case where n = deg(Φ|C1) = 1. This is the case when g = 0 or 1
by Lemma 1.2(3).
Lemma 1.8. With the notations as above, we assume that the following conditions are satisfied.
(i) The (GSP) holds for ϕ :X1 → X2 and the fibration ρ :X1 → B1 := B .
(ii) ρ2 :X2 → B2 defined by the pencil |C2| has at most one multiple fiber.
(iii) n := deg(Φ|C1) = 1.
Then the following assertions hold.
(1) The morphism ΦS :S → T is a cyclic Galois covering.
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induces a cyclic Galois covering τ : B˜2 → B2, where B˜2 = Φ−1S (B2). Let Y2 be the normal-
ization of a fiber product (X2, ρ2) ×B2 (B˜2, τ ). Then X1 is an open set of Y2. Namely, the
field extension C(X1)/C(X2) is a Galois extension.
(3) The finite covering morphism Y2 → X2 is étale.
Proof. (1) Since S is rational, it follows that B2 is a smooth rational curve. Since Γ (X,OX)∗ =
C∗, either B2 ∼= P1 or B2 ∼= A1. Suppose the case B2 ∼= P1. By the condition (ii), ΦS :S → T
ramifies in at most one point by Lemma 1.6(3). Then ΦS is an isomorphism, and we have nothing
more to show. Suppose that B2 ∼= A1. Again by the condition (ii) and Lemma 1.6(3), ΦS ramifies
in at most two points, one being a point over which lies a multiple fiber of ρ2 and the other being
the unique point at infinity of B2. Hence ΦS is a cyclic Galois covering.
(2) There is a canonical morphism (ϕ,ρ1) :X1 → (X2, ρ2) ×B2 (B˜2, τ ), where ρ1 :X1 →
B1 := B is considered in a natural way as a morphism X1 → B˜2 because B¯1 is identified with
S and the fibers of ρ1 are mapped to the fibers of ρ2. Hence the morphism (ϕ,ρ1) induces a
morphism ι :X1 → Y2. Since n = 1 by the condition (iii) and degΦ = ndegΦS by Lemma 1.4(3)
and the hypothesis r ′ = 1, it follows that the morphism (ϕ,ρ1) (and hence ι) is birational. Since
ϕ is quasi-finite, it follows that ι is an open immersion by the Zariski Main Theorem.
(3) This follows from the hypothesis codimX2(X2 − ϕ(X1))  2 and the purity of branch
loci. 
As for the condition (ii) in the previous lemma, we have an easy criterion in a special case.
Lemma 1.9. Let X be a smooth affine surface such that Γ (X,OX)∗ = C∗ and Pic(X) = (0). Let
ρ :X → B be a fibration of curves with rational affine base curve B . Then there are no multiple
fibers in ρ.
Proof. Since B is an affine rational curve and Γ (X,OX)∗ = C∗, it follows that B ∼= A1. Let
mF be a multiple fiber of ρ if it exists, where m is the multiplicity and F is possibly reducible.
Choose a parameter t of B so that ρ(F ) is defined by t = 0. Since Pic(X) = (0), the divisor F
is defined by u = 0 for u ∈ Γ (X,OX). We may assume that t = um because Γ (X,OX)∗ = C∗.
This leads to a contradiction because a general fiber of ρ defined by t = c with c ∈ C∗ becomes
reducible. 
Summarizing the previous results, we obtain the following theorem.
Theorem 1.10. Let X be a smooth affine surface defined over C such that Γ (X,OX)∗ = C∗
and Pic(X) = (0). Let ϕ :X → X be an étale endomorphism and let ρ :X → B be a fibration of
curves with affine base curve B . Assume that the following conditions are satisfied.
(1) A general fiber of ρ has only one place at infinity.
(2) The geometric genus g of a general fiber of ρ is either 0 or 1.
(3) For a general fiber F of ρ, the restriction ϕF :F → ϕ(F ) is an isomorphism.
Then the endomorphism ϕ is an automorphism.
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statement. We have a fibration ρ2 :X2 → B2 in view of Theorem 1.5 and by the condition (2).
The condition (ii) is also satisfied by Lemma 1.9. Hence the natural finite morphism ν :Y2 → X2
which is a composite of the normalization morphism Y2 → (X2, ρ2) ×B2 (B˜2, τ ) and the first
projection (X2, ρ2) ×B2 (B˜2, τ ) → X2 is a cyclic finite étale covering, and OY2 =
⊕d−1
i=0 L⊗i as
an OX2 -algebra, where d is the degree of ν and L is an invertible sheaf on X2. Since Pic(X) =
(0), L is trivial and hence Y2 ∼= X2 × Z/dZ. Thereby we conclude that d = 1. Hence ν is an
isomorphism, and ϕ is accordingly an automorphism. 
The condition (3) in Theorem 1.10 is satisfied if the (GSP) holds for the pair (ϕ,ρ).
2. Case of affine pseudo-planes
Let X be an affine pseudo-plane as defined in the introduction (see also [1,7]). We fix an A1-
fibration ρ :X → B , where B ∼= A1. Let d = |H1(X,Z)|. If d > 1 there is a unique multiple fiber
dF0 of ρ. Let X˜ be the universal covering of X and let μ : X˜ → X be the covering morphism. As
explained in the introduction, X˜ is obtained as a base change of (X,ρ) by a d th cyclic covering
(B˜, σ ) of B followed by the normalization of the fiber product (X,ρ) ×B (B˜, σ ). The inverse
image of the multiple fiber dF0 is a disjoint sum L1 + · · · + Ld of the affine lines with reduced
structures.
Lemma 2.1. The canonical divisor K
X˜
is trivial.
Proof. Let ρ˜ : X˜ → B˜ be the A1-fibration induced by ρ. Then there exist a minimal normal
completion X˜ ↪→ V˜ and a P1-fibration p˜ : V˜ → ¯˜B such that
(1) p˜ restricts to ρ˜ on X˜,
(2) the fiber at infinity ˜∞ := p˜∗(P˜∞) is a smooth fiber, where P˜∞ = ¯˜B \ B˜ , and
(3) the fiber p˜∗(P˜0) including (the closures of) L1 + · · · + Ld is a unique reducible fiber of p˜.
The Galois group Z/dZ acts transitively on the set {L1, . . . ,Ld} and hence their closures
L¯1, . . . , L¯d have the same multiplicity, say k, in the canonical divisor KV˜ . Let M˜ be the section
at infinity of p˜. Then we can write
K
V˜
∼ −2M˜ − (n0 + 2)˜∞ + k(L¯1 + · · · + L¯d) + A,
where A is a divisor such that Supp(A) ⊂ Supp p˜∗(P˜0) \⋃di=1 L¯i . The integer n0 is the degree
of a Hirzebruch surface which is obtained by contracting p˜∗(P0) to a smooth fiber. By applying
elementary transformations with centers at ˜∞, we may assume that n0 + 2 k. Since
p˜∗(P0) =
d∑
i=1
L¯i + A′
with Supp(A′) ⊂ Supp p˜∗(P˜0) \⋃di=1 L¯i , we may write
K
V˜
∼ −2M˜ − (n0 + 2 − k)˜∞ + A′′,
where Supp(A′′) ⊂ Supp p˜∗(P˜0) \⋃di=1 L¯i . This implies that K ˜ ∼ 0. X
1022 M. Miyanishi / Journal of Algebra 304 (2006) 1014–1025Let ϕ :X → X be an étale endomorphism. Since Pic(X) ⊗ Q = 0 and Γ (X,OX)∗ = C∗, it
follows that codimX(X − ϕ(X)) 2 (cf. [7, Lemma 1.1]). Then there exists an étale endomor-
phism ϕ˜ : X˜ → X˜ such that μ · ϕ˜ = ϕ ·μ. Since μ is finite, it follows that codim
X˜
(X˜− ϕ˜(X˜)) 2.
We denote ϕ˜ by ϕ˜ : X˜1 → X˜2 and the covering morphism μ on X˜1 by μ1 : X˜1 → X1 when we
distinguish the source of ϕ˜ from its target.
Lemma 2.2. Assume that the (GSP) holds for the pair (ϕ˜, ρ˜). Then the following assertions hold.
(1) The family of the image curves {ϕ˜(ρ˜∗(P˜ )); P˜ ∈ B˜} forms an A1-fibration ρ˜2 : X˜2 → B˜2 with
B˜2 ∼= A1, while ρ˜2 may not be the same as ρ˜.
(2) There are no multiple fibers in the fibration ρ˜2.
(3) If X is an ML1-surface (cf. [1] for the definition), ρ˜2 coincides with ρ˜.
Proof. (1) Since K
X˜
∼ 0 by Lemma 2.1, it follows from Lemma 1.6(1) and (4) that the family
{ϕ˜(ρ˜∗(P˜ )); P˜ ∈ B˜} defines an A1-fibration ρ˜2 : X˜2 → B˜2 such that ρ˜2 · ϕ˜ = ϕ˜0 · ρ˜ for a surjective
morphism ϕ˜0 : B˜ → B˜2. We shall show that B˜2 ∼= A1. For this purpose, note that the ϕ˜(Li) (1
i  d) belong to one and the same fiber of ρ˜2 because of ρ˜2 · ϕ˜ = ϕ˜0 · ρ˜ and that the Galois
group Z/dZ acts transitively on the set {ϕ˜(Li) | 1 i  d} because μ−1(ϕ(F0)) consists of the
ϕ˜(Li) (1 i  d). Hence μ−1(ϕ(F0)) has exactly d components. Since Γ (X˜2,OX˜2)∗ = C∗, B˜2
is isomorphic to P1 or A1. If B˜2 ∼= P1, rank Pic(X˜2) is greater than or equal to 1 + (d − 1) = d ,
while rank Pic(X˜1) = d − 1. Since X˜1 ∼= X˜2, this is a contradiction. Hence B˜2 ∼= A1.
(2) Let m1G1, . . . ,msGs exhaust all multiple fibers of ρ˜2 with multiplicities m1, . . . ,ms . Then
Pic(X˜)tor ∼=∏si=1 Z/miZ because B˜2 ∼= A1. Since Pic(X˜)tor = 0, we conclude that there are no
multiple fibers in ρ˜2.
(3) Note that X˜ is an ML1-surface, or equivalently a smooth affine surface with a unique A1-
fibration parametrized by an affine curve, if and only if so is X (see [1]). Hence X˜2 has a unique
A1-fibration over an affine curve. So, ρ˜2 coincides with the unique A1-fibration ρ˜ on X˜. 
As a corollary, we have the following result.
Theorem 2.3. Let X be an affine pseudo-plane with an A1-fibration ρ :X → B . Let ϕ :X → X
be an étale endomorphism. Let ρ˜ : X˜ → B˜ and ϕ˜ : X˜ → X˜ be the lifts of ρ and ϕ as above.
Assume that the (GSP) holds for the pair (ϕ˜, ρ˜). Then ϕ is an automorphism.
Proof. We apply Lemma 1.8 to X˜ and ρ˜. Since K
X˜
∼ 0 by Lemma 2.1 and since the (GSP)
holds for (ϕ˜, ρ˜) by the hypothesis, the fibration ρ˜2 : X˜2 → B˜2 is defined by Theorem 1.5 and
Lemma 1.6. Furthermore, the conditions (ii) and (iii) are satisfied by Lemma 2.2 and Theo-
rem 1.5. In particular, Lemma 1.8 implies that X˜1 is an open set of X˜2 because ρ˜2 has no multiple
fibers. Since codim
X˜2
(X˜2 − ϕ˜(X˜1)) 2, it follows that ϕ˜ is an automorphism. Then it is easy to
see that ϕ itself is an automorphism. 
3. Generalized Sard property for the affine plane
We shall first consider the generalized Sard property for a quasi-finite endomorphism
ϕ :X1 → X2 which is not necessarily étale, where X1 ∼= X2 ∼= A2. Let {x, y} (respectively {t, u})
be a system of coordinates of X1 (respectively X2). Then the associated injective C-algebra ho-
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where we identify ϕ∗(t) and ϕ∗(u) with t and u, respectively.
Lemma 3.1. Let ρ1 :X1 → B1 be an A1-fibration defined by the projection (x, y) → x. We
assume that both f and g contain x and y in their monomial terms. Let G˜ := Resy(f − t, g−u)
be the resultant of f (x, y) − t and g(x, y) − u in the variable y. Then the following assertions
hold.
(1) V (G˜) is an irreducible hypersurface in A3 = SpecC[x, t, u]. Hence G˜ = Gr with r  1,
where
√
G˜C[x, t, u] = GC[x, t, u].
(2) Let Gt (respectively Gu) be the partial derivative of G in t (respectively u). Let G1 =
Resu(G,Gt ) and G2 = Resu(G,Gu), where both are the resultants of the concerned polyno-
mials in u. Finally, let H = Rest (G1,G2), which is a polynomial in x. If H is not constantly
zero then the generalized Sard property holds for the pair (ϕ,ρ1).
Proof. (1) Let C1(a) be the fiber of ρ1 corresponding to the value x = a and let C2(a) be the
image ϕ(C1(a)). Then a system of equations f (a, y)− t = 0 and g(a, y)− u = 0 both of which
are equations in y with coefficients in C[t, u] has a common zero if and only if G˜(a, t, u) = 0.
Hence the image C2(a) is defined by G˜(a, t, u) = 0 in SpecC[t, u]. This implies that V (G˜) is
the image of the graph Φ of ϕ in SpecC[x, y, t, u] under the projection (x, y, t, u) → (x, t, u).
Since Φ is isomorphic to A2, its image V (G˜) is irreducible. Let V (G˜) be defined by G = 0 with
a reduced polynomial G ∈ C[x, t, u], then we can write G˜ = Gr after replacing G by its constant
multiple.
(2) The singular points of the curve C2(a) consists of common zeroes of the equations
G(a, t, u) = Gt(a, t, u) = Gu(a, t, u) = 0. Then G1(a, t) = 0 and G2(a, t) = 0 have a common
zero as polynomials in t . Namely H(a) = 0. Taking the contrapositive, we have the asser-
tion. Conversely, if H(a) = 0, then G1(a, t) = G2(a, t) = 0 have a common zero t = b. Hence
G(a,b, c) = Gt(a, b, c) = 0 and G(a,b, c′) = Gu(a, b, c′) = 0 for u = c and u = c′. If it hap-
pens to be c = c′, then the curve C2(a) has singularity at the point (b, c). 
With the notations in Lemma 3.1, if f is a polynomial only in x then C2(a) is the line t = f (a)
and the generalized Sard property holds. Let R be the hypersurface in A3 = SpecC[x, t, u]
defined by G = 0. The projection (x, t, u) → x induces a fibration σ :R → A1 whose fiber
σ−1(a) is identified with the image C2(a) := ϕ(C1(a)) on X2 via the projection (x, t, u) →
(t, u). We have the following results.
Lemma 3.2. The following conditions are equivalent to each other.
(1) The generalized Sard property holds for a pair (ϕ,ρ1).
(2) The variety R is smooth outside a union of finitely many fibers of σ .
If R is normal then the generalized Sard property holds.
Proof. It is clear that (1) implies (2). Suppose that (2) is satisfied. We may assume that W =R−⋃
1in σ
−1(ai) is smooth. Let U = A1 − {a1, . . . , an}. Then the general fibers of σU :W → U
are smooth by the theorem of Sard (cf. [5]). Hence the (GSP) holds. IfR is normal, condition (2)
is satisfied. Hence the (GSP) holds. 
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assertions hold.
(1) G1 and G2 have a common factor G0 which we take to have maximal t-degree. Then
V (G1/G0) ∩ V (G2/G0) is mapped to a finite set on B1 by σ .
(2) Let T be a maximal union of irreducible components of V (G) ∩ V (Gt) in A3 =
SpecC[x, t, u] such that the projection (x, t, u) → (x, t) induces a dominant morphism
from each irreducible component of T to a component of V (G0). Similarly, let U be a max-
imal union of V (G) ∩ V (Gu) such that the projection (x, t, u) → (x, t) induces a dominant
morphism from each irreducible component of U to a component of V (G0). Suppose that
the projection (x, t, u) → (x, t) does not induce a dominant morphism from any component
of T ∩ U to a component of V (G0). Then the (GSP) holds for the pair (ϕ,ρ1).
(3) Suppose that there is an irreducible component, say Z, of T ∩ U which maps dominantly
onto a component of V (G0). Then dimZ = 1. Let S be the image of Z by the projection
(x, t, u) → (t, u). Then the image curve C2(a) has singularities at the points of C2(a) ∩ S
for a general value a of x.
Proof. (1) Since H is constantly zero, the projection (x, t) → x induces a dominant morphism
from V (G1)∩ V (G2) to B1 := SpecC[x], where V (Gi) is the curve defined by Gi = 0 in A2 =
SpecC[x, t] for i = 1,2. Hence G1 and G2 have a common component. If we take G0 to have
maximal degree in t , it is clear that V (G1/G0) ∩ V (G2/G0) surjects to a finite set of B1 under
the projection (x, t) → x.
(2) Since G1 = 0 on V (G0), there is a common zero of G = Gt = 0 over a general point of
V (G0). Hence there is a maximal union T of irreducible components of V (G) ∩ V (Gt) such
that the projection (x, t, u) → (x, t) induces a dominant morphism as stated in the assertion.
Similarly, we have a maximal union of irreducible components of V (G) ∩ V (Gu). Suppose that
there are no irreducible components of T ∩ U which are mapped dominantly to components of
V (G0). Then there are no common zeroes of G = Gt = Gu = 0 for a general value a of x. This
implies that F(a) := σ−1(a) as well as the image C2(a) has no singular points for a general
value a of x. So, the (GSP) holds for (ϕ,ρ1).
(3) Note that the projection (x, t, u) → x induces a dominant morphism Z → V (G0) →
B1 and the points in Z ∩ F(a) are singular points of F(a). Since G = 0 on Z, it follows that
Z∩V (x−a) ⊂ F(a). Hence there are finitely many points of Z lying over x = a. So, dimZ = 1.
The rest of the assertion is clear. 
Lemmas 3.1 and 3.2 provide us with a general principle to judge the generalized Sard property,
but the situation is not so simple as shown by the following example due to R.V. Gurjar.
Example 3.4. Let m be an odd positive integer. Let f (x, y) = x2 + y2 and g(x, y) = xm + ym.
Then the following assertions hold.
(1) ϕ = (f, g) :A2 → A2 is a finite morphism, which is not étale.
(2) Let C1 = ρ∗1 (a) for a ∈ C. Then C2 = ϕ(C1) is defined by (t −a2)m = (u−am)2. In fact, G1
and G2 are powers of t − x2 and H is constantly zero. When x = a moves, the singularity
(a2, am) of C2 moves on the curve defined by tm = u2.
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degree 2m with coefficients in C[t, u]. Hence x is integral over C[t, u]. Since t = x2 + y2, y is
integral over C[t, u].
(2) Straightforward. 
If m = 4 then Resy(f − t, g − u) = {x4 − u + (x2 − t)2}2. So, G˜ is not necessarily reduced.
If f (x, y) = xn + yn and g(x, y) = xm + ym with mutually prime odd positive integers, we
can prove a statement like the assertion (2) above. Meanwhile, ϕ = (f, g) is not a quasi-finite
morphism. In fact, the curve x = −y contracts to the point (0,0) under ϕ.
We shall make a change of variables in the above example with m = 3. Let X = x + iy and
Y = x − iy, where i2 = −1. Then t = XY and u = {(X + Y)3 + (X − Y)3i}/8. Let La be the
line X = a and let Ma = ϕ(La). Then Ma is the curve defined by
(1 − i)t3 + 3a2(1 + i)t2 + 3a4(1 − i)t + a6(1 + i) − 8a3u = 0,
which is a smooth curve if a = 0. This implies that the generalized Sard property holds for the
same endomorphism ϕ but for a different A1-fibration (x, y) → x + iy on A2.
Remark 3.5. One can make the same observations of this section in a more general context.
Let X be a smooth affine surface with a fibration ρ :X → B whose general fiber has one place at
infinity. Let ϕ :X1 → X2 be a quasi-finite endomorphism with X1 = X2 = X. Let Γ be the graph
of ϕ which is a closed surface in X1 ×X2 and let R¯ be the closure of the imageR of Γ under the
projection (ρ,p2) :X1 × X2 → B × X2, where p2 is the second projection. Let σ : R¯→ B be
the first projection. Since a general fiber C1 of ρ has one place at infinity and the fiber σ−1(P ) is
the closure of the image C2 = ϕ(C1) when P is a general point of B , it follows that R¯=R over
an open set of B . We then say that σR :R→ B is generically closed. Then the (GSP) holds for
the pair (ϕ,ρ) if and only if σ¯ : R¯→ B is generically smooth. Furthermore, if every fiber of ρ
is irreducible, then R¯=R and the projection Γ →R is a finite morphism. In fact, this follows
from the proof of Lemma 1.2 which says that ϕ induces a birational finite morphism C1 → C2.
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